ABSTRACT: This article investigates, under the prism of portfolio theory, the effects of diversification of assets by Brazilian pension funds under four possible interest rate scenarios as well as identifies the implications for more efficient allocation of assets, including through possible investment abroad, of the limitations imposed by current regulations. The results of the simulations show that the imposition of allocation limits not only restricts the efficient frontier but also shifts it to the right. Therefore, diversification beyond the regulatory limits would improve the efficiency of asset allocation (reducing the risk), an effect that would be accentuated with the inclusion of foreign investments. Finally, the article provides evidence, from a technical standpoint, that Brazilian pension funds can increase their efficiency in allocating resources under any scenario, especially one of stability, and that with a real interest rate of around 4% a year it is essential to allow more investment flexibility, including investment in foreign assets.
INTRODUCTION
Brazilian pension funds have traditionally allocated the majority of their resources in federal bonds, with only a small portion (around 20% on average) invested in stocks with high liquidity traded on the São Paulo Stock Exchange (BM&FBovespa). This allocation strategy concentrated in Brazilian government debt results from the high interest rates paid on this debt and the relatively low risk. The results have been satisfactory, at least from the standpoint of the return achieved.
Although the benchmark interest rate (SELIC rate) in Brazil is one of the highest in the world, the historical trend of the series in recent years shows a clear trend for this rate to The yield on federal bonds of various types is directly related to the SELIC rate. In
May 2007 the real interest rate on long-term federal bonds i reached 5.8% a year, with a tendency to decline, causing great concern to pension fund portfolio managers because of the difficulty of attaining a return of 6% a year as required by the forecast actuarial calculations.
As a result of the global financial crisis, which hit Brazil in the last quarter of 2008, this rate went back up to above 6% a year. But the long-term expectation is that this rate will go down again and stabilize below 6% a year in real terms, making it increasingly urgent to start a process of reallocating the resources managed by Brazilian pension funds. The decisions on how to react to this huge challenge involves some questions that need to be clarified to pension fund participants and managers.
Among these challenges are the tradeoff between risk and return and the formulation of new regulations for Brazilian pension funds. The investment policy of a private pension fund must be within the risk limits necessary to meet the actuarial commitments. The portfolio manager cannot aim only to achieve absolute maximum return without considering the risks of the positions taken. The risks must be compatible with the returns, so as to maximize the yield while still limiting the risks to permissible levels.
The regulations covering investment of the resources entrusted to pension funds vary from country to country, ranging from the "prudent man rule" to much stricter rules that impose limits, control systems and punishments for any deviations, such as those established in Brazil ii .
In an attempt to contribute to this debate and to help resolve some issues with strictly technical elements, in this study we seek to answer the following questions:
i. Are resources being allocated efficiently from the standpoint of portfolio theory?
ii.
Is there a need for more diversification of assets, including the possibility of foreign investments?
iii. Are the limits imposed by current regulations causing, or might they cause in the near future, any restriction on the efficient allocation of resources?
For this purpose, we utilized the well-established theory for construction of efficient frontiers, in the return versus risk plane, originally proposed by Markowitz (1952) . Therefore, in the present article we investigate, in light of portfolio theory, the effects of diversification of assets on Brazilian pension funds under four possible real interest rate scenarios for Brazil, as well as identify the implications for more efficient allocation considering the limitations imposed by current regulations.
The approach utilized can be defined as a static allocation study, since our objective was not to propose any particular investment strategy ex-ante, but rather to evaluate the effects of diversification on the assets of pension funds. 
THEORETICAL FRAMEWORK
The way to allocate the assets held in a portfolio has been the subject of many discussions and increasingly sophisticated technical and academic studies, as touched on below. Lopes & Furtado (2006 ), citing Swensen (2000 , presented a graph showing gains in the efficient frontier in the "expected return versus standard deviation" plane when investments in private equity funds were added to the traditional assets held by pension funds.
They examined and discussed the inclusion of holdings in private equity, venture capital and mezzanine funds by private pension entities in Brazil and concluded that investing in these funds could present excellent opportunities for diversification.
In turn, Savoia & Bellato (2007) Lorenzo Filho (2008) showed evidence that institutional investors should create an optimal diversification of their portfolios, with exposure to traditional and alternative assets, in an attempt to minimize risks. Besides this, given the long investing horizon of pension funds, the allocation should be made in the strategic plane.
Cardoso (2009), employing a dynamic asset allocation model where the risk was represented by the value-at-risk and whose risky asset was a theoretical portfolio of stocks tracking the Ibovespa (BM&FBovespa index), with the corresponding risk-free rate of return being the IMA-B yield (federal bonds indexed to the IPCA), showed that dynamic allocation would face difficulties in reallocation of portfolios in response to the frequent change in the behavior of financial series. 
EFFICIENT PORTFOLIO THEORY
According to Markowitz (1952) , the portfolio selection process can be divided into two stages: estimation of the expected future performance of the available assets and choice of the portfolio. The theory of Markowitz starts from the second stage, i.e., it is based on the assumption that the return and the respective variances are known and the investor considers an asset's expected return as something desirable and the variance of this return as something undesirable.
The portfolio with minimum variance according to the mean-variance theory established by Markowitz (1952) has a composition given by solving the following operational research problem:
Where the vector X represents portfolio, µ is the vector of the mean returns and σ is the vector of the standard deviation of the returns.
ASSET CLASSES
According to Sharpe (1992) , an asset class should be composed of a set of assets, and preferably the asset classes should be mutually exclusive, exhaustive and relevant.
Individual assets and investment funds, the targets of allocation by investors, in general can be segregated into sets that present common characteristics, to the extent possible in line with the requirements of Sharpe (1992) , whether in relation to the assets or the portfolio management strategies. In the present work, we consider these sets of assets or investment funds to be "asset classes". In some situations, these asset classes are represented by indexes published daily. In others, these indexes do not exist, so there is a need to assume some premise to implement the models.
Private equity/venture capital funds as an asset class
One of the sources of funding for investment in the real economy, either in companies or in specific projects, is private equity and venture capital funds. These funds are vehicles that take relevant stakes in the shares (and sometimes the bonds) issued by companies, with the aim of holding these stakes for a determined period and then divesting them. Their managers generally exercise some control over the portfolio companies by electing board members and/or executives.
These funds have quite different characteristics than those of other mutual funds and other classes of assets normally considered in the mean-variance portfolio models. Because of their low liquidity, it is hard to price and calculate the volatility of these funds.
Lamm (2001) used a series of the internal rates of return of private equity funds to calculate the standard deviation and correlations between the returns of these funds and those of other asset classes with similar allocation of resources according to the mean-variance criterion. He also presented sensitivity analysis of the effects of changes in the return of the assets under allocation. In turn, Table 2 These classes and the respective indexes utilized to represent them are presented in Table 3 : The Private Equity/Venture Capital asset class includes investments in these funds as well as in special purpose companies (SPCs) iii .
Foreign investment
In doing this research, we analyzed two indexes of returns available in the market: the Private Equity Index Europe (PRIVEX), which represents the performance of the shares of private equity firms traded on international exchanges, and the Cambridge Associates Private Equity Index (CA PE), which represents the quarterly returns of the private equity industry in the United States. Because of the availability of a daily series of returns for the PRIVEX (Bloomburg Code PRIVEXPD), we considered this index in the simulations.
The "Real Estate" class, despite being one of the most traditional, does not have an index that can represent it. Therefore, since a good part of the resources allocated in this class of assets is invested in income property, we assumed the IGP-M (general market price index) series as representing the expected returns and risk of this class of assets (this index is generally used to adjust rents under lease agreements). We obtained the return and risk of the "Loans and Financings to Participants (CA-EFP)" class of assets from the historic series of the consumer price index (IPCA) plus a spread of 6% a year. This is the minimum return permitted by the regulator to remunerate this asset class.
Choice of the global asset classes
An alternative to stock indexes frequently mentioned in the literature is international index funds iv (exchange traded funds -ETFs). The justification for using exchange traded funds is that they issue shares that are traded in the market and whose returns are already net to the expenses inherent to an investment fund, while stock indexes are only indicators of the variation of prices and the derivatives linked to them are only traded in the future market. We chose the most liquid of these funds managed by Barclays Global Investors (BGI), as shown in Table 4 . These funds represent the performance of investments in the respective sectors and cover various international markets. The series of returns of these funds were provided by BGI and are available on Bloomberg v .
SCENARIOS
We assumed the following scenarios to define the expectation of returns, risk and correlations in this work: Scenarios I, II and III were represented by the series of monthly returns of the assets in the respective periods. Our main objective in including these scenarios was to evaluate the allocation of resources in the hypothesis in which the average market conditions over the medium and long term repeat what has happened in the past, so that the average return, risk and correlation can be represented by these series.
Scenario IV represents a situation over the medium and long horizon that the current forecasts of the Brazilian economy indicate is likely, and thus that pension funds must be in tune with due to the long-term characteristics inherent in their investment policies.
To determine the expected return related to Scenario IV, we made the following assumptions: 
METHODS AND PROCEDURES
To simulate the efficient frontiers we used the PortfolioWorks version 3.1 software, applying the traditional methodology conceived by Markowitz (1952) .
Calculation of the return and volatility of the assets
The asset prices refer to the closing price of each month of the historical return series and were deflated by the IPCA. We used this index because it represents the actuarial liability of the benefit plans managed by Brazilian pension funds. Therefore, the returns of the assets were calculated in terms of the real interest rate and must be compared directly with the interest rate of the actuarial target viii of the mentioned plans (normally 6% per year). We expressed all the returns of the assets, including international ones, in Brazilian currency, the real (plural reais, or R$).
With the aim of assessing the influence of exchange rate variation on the returns, volatilities and correlations, and as a consequence on the efficient frontier, we converted the prices of international assets into reais considering the exchange rate of the closing day of each month and also assuming a fixed exchange rate. This assumption means making the percentage returns of the assets in dollars equal to those in reais. Therefore, the results are presented for situations of a floating and fixed exchange rate.
The volatilities were obtained directly from the series of returns by the standard deviation model. Given that the standard deviation estimator has some deficiencies, among them the fact it considers all the returns of the series with the same importance, according to Carmona (2008) , we ran simulations considering the EWMA model with a decay factor of 0.94; also known as the RiskMetrics approach. We assumed the correlations were equal to those verified in the 2004-2007 historical series.
The simulations
We initially studied the effects of diversification on the efficient frontier by examining the allocation with the domestic assets permitted for Brazilian pension funds and then included the global assets.
When the global assets were included, we also investigated the effects of the exchange rate to assess the effect of exchange rate risk on the results.
We first ran the efficient frontier simulations without imposing limits on allocation of the assets. For each simulation we constructed 500 portfolios to compose the efficient frontier in the return x risk plane.
PRESENTATION AND ANALYSIS OF THE RESULTS
For the purposes of identifying, in the risk versus return plane, the ordered pair of the portfolio representing Brazilian pension funds, we considered all the assets of this portfolio to be present, as shown in Table 4 .
Regarding the contributions of each asset to improve the allocation efficiency, we considered the following criteria for inclusion/exclusion of assets in/from the model: We should point out that the returns of the global assets were considered in U.S.
dollars. In the simulations of the efficient frontiers we considered the returns in dollars and reais to assess the effects of exchange rate variation. 
HYPOTHETICAL PORTFOLIOS
The portfolios that hypothetically represent the current one are those defined by the average investment policy for allocation of the Brazilian pension funds presented in Table 3 .
These portfolios were implemented using the PortfolioWorks software and the returns and risks correspond to those presented in Table 6 below. The reduction in the return of the portfolios and the elevation of the risks observed in Scenario III were caused by the depression of asset prices in this scenario due to the global financial crisis of 2008.
With the exception of Scenario III, in all the other scenarios it can be seen that the investment policy seeks to obtain a higher expected return for the assets, and hence the risk also rises.
The reduction in the return of the portfolios in Scenario IV results from the assumptions of economic stability in this scenario, with real interest rates of around 4% a year. In this hypothesis, the expected return for the allocation defined in the investment policy (0.35% per month or 4.28% per year) is lower than the interest rate of the actuarial target of the majority of Brazilian pension funds, which is 6% a year. In the graphs that follow, the Current Holdings point corresponds to the current portfolio and the Policy point corresponds to the portfolio defined by the investment policy.
The graphs also present the efficient frontiers for the assets in the portfolios of Brazilian pension funds in the four scenarios considered. These graphs show that it was possible to build efficient portfolios, for each scenario, with low risks and real returns greater than 0.5% per month, or 6% per year. This is the minimum yield required for the investments and corresponds to the maximum real interest rate permitted for the "actuarial target. This observation also applies to Scenario III, in which there was a large decline in asset prices due to the global financial crisis.
In Scenario IV, whose assumptions are economic stability and real interest rates around 4% a year, it is not possible to obtain a real return of 0.5% a month only with the current assets in the portfolios, even the efficient portfolios with higher risk.
Therefore, given that this scenario is increasingly probable, Brazilian pension fund managers need to revise the allocation of resources of their benefit plans and seek new investment alternatives. This new positioning will certainly bring higher risk to the portfolios, risk that will be a function of the new interest rate to be defined for the actuarial target. The graphs show that the points corresponding to Current Holdings and Policy are not located on the efficient frontier. Therefore, for both the current portfolio and that defined by the investment policy it is possible to obtain a portfolio with higher return for the same risk and one with the same return at lower risk, both located on the efficient frontier. For the four scenarios considered, a hypothetical portfolio that has the average composition of that assumed for the Brazilian pension funds would be operating outside the efficient frontier, and thus reallocation of its assets would bring greater efficiency. This same conclusion applies to an investment policy, also hypothetical, of this portfolio. Therefore, the simulations show that in a real case it is possible to make this type of evaluation and through this attain greater efficiency in managing pension fund investments.
DIVERSIFICATION WITH DOMESTIC ASSETS
Because of the analysis of the available data and the results of the simulations of the four scenarios presented in the previous item, we carried out the other steps of the study only with Scenarios II and IV, since those scenarios can be considered more realistic.
Portfolios with the most common assets
To evaluate the effect of diversification, we first traced out an efficient frontier only with the basic assets we assumed to be present in the portfolios of all Brazilian pension funds and then added the assets IMA-C + Private Credit (PC) + Shares. 
Portfolios with investments in multimarket and private equity funds
Because of the previous results and considerations on the unavailability of the bonds that compose the IMA-C, we performed the simulations based on a basic portfolio composed of Private Credit + IMA-B + Shares.
SCENARIO II
We first added the IFM-I to the basic portfolio. This did not cause any change in the efficient frontier. On the other hand, the inclusion of the LSI (Long-Short Index) in the portfolio caused a significant gain in efficiency, as shown in Figure 7 below. Given the basic portfolio, we simulated a new frontier including PE/VC and found that in Scenario II they do not contribute to improve the efficient frontier. We also assessed the composition of the portfolios and verified that PE/VC investments were not allocated in any of the 500 simulated portfolios.
SCENARIO IV
Just as in Scenario II, the results of the simulations for Scenario IV show that the inclusion of IFM-I does not cause any change in the efficient frontier of the basic portfolio. In contrast, when adding the LSI to the basic portfolio in Scenario IV, the efficient frontier changed significantly, improving the portfolio's efficiency, as shown in Figure 8 . The inclusion of PE/VC in the basic portfolio caused a small shift in the efficient frontier, as shown in Figure 9 below. Despite the apparently small influence of PE/VC in Scenario IV, the analysis of the portfolio's composition shows the presence of PE/VC in all the portfolios with expected real return greater than 0.33% per month. Of the 500 optimized portfolios, PE/VC is present in 456. Therefore, although not causing a significant shift of the efficient frontier, PE/VC investments play an important role in the diversification of the assets.
A portfolio that does not contain adequate percentages of at least the assets IMA-B or IMA-C, Private Credit (represented in this study by the credit funds with returns published by the Brazilian Association of Investment Banks -ANBID) and Shares (Ibovespa) has low efficiency and a very limited return.
DIVERSIFICATION WITH GLOBAL ASSETS
To test the effects of diversification with international assets, we considered a basic portfolio composed of the domestic assets that aggregated the most efficiency, according to the results presented above. The results to this point were obtained without any restriction on the maximum limits for allocation. These restrictions are considered in Section 4.4.
Since for Scenario IV we assumed that the global assets would have the same returns and volatilities as those of Scenario II, we performed the simulations only for Scenarios I and IV.
The figures below illustrate the effect of including the asset iShares MSCI Mexico Investable Market. A significant gain in the efficient frontier can be observed, both for the price expressed in dollars and in reais, considering Scenario 1. Table 9 contains a summary that illustrates the importance of foreign investments in Scenario IV. The simulated portfolios have the same risk as the one that hypothetically represents the allocation of Brazilian pension funds in December 2008. In Scenario IV, the return of this hypothetical portfolio is 0.33% per month (4.03% a year) for a risk of 1.16% (see Table 5 ). When adding the LSI, for this same risk, the return rises to 0.37% monthly (4.53% yearly), as shown in 
THE IMPLICATIONS OF THE ALLOCATION LIMITS

Allocation without imposition of limits
The results presented in Table 10 below show the allocation of assets in Scenario III, which includes the historical series of returns for 2008 when asset prices were negatively affected by the global financial crisis. In this scenario, as expected, the allocation in variable income would be zero, except in portfolios 1 to 3, with negligible portions. Analysis of the results with the portfolios optimized without the imposition of limits leads to the following findings and respective comments: a. In all the scenarios the limits were violated for low-risk portfolios. In this case, the allocation would have to occur with higher risk, irrespective of the needs established in the investment policy of the particular benefit plan.
b. Except for Scenario III, in all the others the risk limits for variable income were violated for higher risk portfolios. This fact shows that -considering only Scenarios I and IIthe determination of the regulator establishing maximum allocation limits is correct, since the returns at the intermediate risk levels are more than sufficient to exceed the actuarial target of 6% a year, as mentioned previously. However, considering Scenario IV, it would be impossible to achieve optimal allocation only with domestic assets and with real return above 0.39% a month (4.78% a year), without violating the limit of 50% in variable income, as indicated in portfolio 183 of 
Allocation with imposition of maximum limits
To assess the possible restrictions to the process of optimizing the portfolios because of the maximum limits established by the regulator, we simulated efficient frontiers considering allocation with and without those maximum limits. (1.07, 1.64) while that of portfolio 99 (without limits) is (1.07, 1.42). Thus, in the two situations, the imposition of limits caused an increase in risk for the same returns.
With the imposition of limits, the maximum percentage of resources allocated to longshort funds (LSI) was 1.67%, while the upper limit determined by the regulator for this type of asset is 3%. Considering the allocation with global assets having the highest risk among those considered in this study, again with prices given in reais, the simulations show lower efficiency when the limits are imposed. has the lowest risk with ordered pair (0.96, 1.16), has a higher risk than that of portfolio 70, with 10.36% allocated to foreign assets and an ordered pair of (1.05, 1.13). 
CONCLUSIONS
The results of the simulations show that the imposition of allocation limits not only restricts the efficient frontier, but also shifts it to the right, implying increased risk for the same expected return or reduced return for the same expected risk.
This result was verified both with domestic and international assets. In a scenario with real interest rates of 4%, the implications of imposing limits are more critical due to the low levels of return inherent to this scenario.
Finally, this study technically demonstrated a fact that has attracted much comment in the Brazilian pension fund industry and the specialized media, that in a scenario of economic stability and real interest rates below 6% a year, these funds' managers will have to find new investment alternatives. Among these alternatives are investment in the real sector of the economy through private equity/venture capital entities, investment in multimarket funds with more aggressive characteristics and also investment in foreign assets, as happens with pension funds in countries where real interest rates are at this level or even negative.
The present work evaluated the allocation of assets in static form, so as a suggestion for future works we recommend repeating this methodology in a setting with dynamic asset allocation, or imposing a budget constraint on reallocation of assets in the Markowitz model.
